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DENTAL�CLINICS�(9-YEAR�ANALYSIS)
ABSTRACT: In this article, the problem of minimizing the costs associated with replacing and maintaining dental 

compressors�used�in�dental�clinics�is�mathematically�modeled�within�a�9-year�planning�horizon.�The�cost�structure�
of a dental compressor over its operational lifetime — including the initial purchase price, the annually increasing 
maintenance and repair expenses, and the residual value at the end of its service period — is comprehensively taken 
into account. To determine the optimal operating strategy that ensures minimal total cost, a recursive dynamic 
programming�algorithm�was�developed�and�applied�to�the�9-year�period.�Practical�calculations�carried�out�in�Microsoft�
Excel made it possible to identify in which years it is economically reasonable to repair the dental compressor and 
in which years it is preferable to replace it. The results of the study hold significant practical value for scientifically 
planning the operation of technological equipment in dental clinics, optimizing depreciation policy, and reducing the 
overall financial burden.

KEYWORDS:�dental compressor, equipment replacement, maintenance costs, dynamic programming, directed acyclic 
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INTRODUCTION.� In modern dental clinics, the 
quality of services and the continuity of technological 
processes primarily depend on the reliable operation 
of dental compressors. Dental compressors serve as the 
main technological equipment that provides a stable air 
supply to all dental devices in the clinic. Over time, the 
technical condition of the compressor deteriorates, the 
number of malfunctions increases, and maintenance 
costs rise. At the same time, the price of new 
compressors varies under the influence of technological 
modernization, market conditions, and inflation. Under 
such circumstances, clinic management faces a crucial 
question: when is it more appropriate to continue 
repairing a dental compressor, and when should it be 
replaced�with�a�new�unit?

This issue is of strategic importance for dental 
clinics, as incorrect decisions can negatively affect 
operational stability, service quality, and financial 
performance. Therefore, analyzing decisions related to 
the replacement and maintenance of dental compressors 
using mathematical optimization models is a pressing 
task.

The main costs incurred during the life cycle of a 
dental compressor consist of three components: the 
purchase price of a new compressor, maintenance and 

repair costs during operation, and the residual value at 
the end of its service life. By taking these components 
into account comprehensively, it is possible to determine 
the optimal replacement–maintenance strategy, i.e., to 
construct a mathematical model that minimizes total 
operating�costs�over�a�9-year�period.

Mathematical Model
The objective of the dental compressor replacement 

and maintenance problem is to minimize the total costs 
over the planning horizon. For this purpose, the following 
notations are introduced:

N — planning horizon (number of years);
P — purchase cost of a new unit in year i;
r — repair cost in year j during the use of the 

equipment;
v — resale value (residual value) of the equipment 

after year j.
If the equipment is purchased in year i and used until 

year j , the cost for this period is determined as follows:
                  

      � � �L M L M L M LF 3 U Y− − + − += + −

� �� ������ �L M 1 L M= ≤             (1)
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Here:

L3  — purchase price of a new unit;

�M LU − +  — total repair costs during the period of use;

 �M LY − + — residual value obtained at the end of the 
service period.

To represent all decision alternatives, a special 
directed graph is constructed (Figure 1), called an 
acyclic network. The nodes represent years, and the arcs 

indicate the service periods of new equipment. Each arc is 
labeled with the corresponding cost value.

In the figure, the years of the planning horizon 
are represented as nodes. Each arc indicates that the 
equipment is purchased in a given year and used until 
subsequent years. The value on the arc represents the 

cost incurred during this period in the form of �L MF − . 
The shortest path from the initial node to the final node 
provides the optimal strategy for equipment replacement 
and maintenance.

Figure�1.�Acyclic�Network.

Dynamic Programming Recursion
We consider the remaining planning horizon starting 

from year n. Let QI denote the minimal total cost for 
the period from year n to year� N. Then, the recursive 
equation is written as follows:                         

      � �����
PLQ > @�Q Q M MM Q 1

I F I− +=
= +

� �1I + =         (2)

In this formula,  represents the minimum cost for all 
subsequent decisions after year n, and  is obtained from 
the table constructed above. Using this formula, the 
optimal sequence of decisions is calculated for each year, 
and as a result, the most efficient strategy is determined 
for� the� 9-year� plan—indicating� when� to� replace� the�
dental compressors and when to continue operating 
them through maintenance.

PROBLEM.� Modern dental clinics use expensive 

equipment, and one of the most frequently used devices is 
the dental compressor. The operational planning horizon 
for�a�dental�compressor� is�9� years;� at� the�beginning�of�
each year, it is possible either to replace the equipment 
with a new unit or to continue using the existing one. 
At the beginning of year i, the purchase price of a new 
unit is   sums; after j years of use, the worn equipment 
can be sold for MY  sums. To operate the new equipment 
consecutively for j years requires repair costs of MU  sums. 
All prices given in the problem are in US dollars.

Using the data provided in the table below:
1.Compute the costs  LMF and construct the 

corresponding table;
2.Construct the corresponding acyclic network (DAG);
3.Determine the optimal replacement strategy for the 

new equipment that yields the minimal total cost;
4.Calculate the optimal minimal cost value.

P 115 120 125 130 135 140  150 155 165
v 90 85 70 60 55 45 40 20 0
r 20 25 40 55 100 140 170 240 280

 Solution. First, we calculate the costs  �L MF − using formula � � �LL M M L M LF 3 U Y− − + − += + − :
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When �� �L M= =  ,

�� � � � ��� �� �� ��F 3 U Y = + − == + −
When �� �L M= = ,

�� � � � ��� �� �� ��F 3 U Y = + − == + −

When �� �L M= =  ,

�� � � � ��� �� �� ��F 3 U Y = + − == + −

When �� �L M= =  , 

�� � � � ��� �� �� ���F 3 U Y = + − == + −
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�� � � � ��� ��� �� ���F 3 U Y = + − == + −
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When �� �L M= =  ,
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When �� �L M= = ,

�� � � � ��� �� �� ���F 3 U Y = + − == + −

When �� �L M= = ,

�� � � � ��� �� �� ���F 3 U Y = + − == + −

When �� �L M= =
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�� � � � ��� �� �� ���F 3 U Y = + − == + −

When �� �L M= = ,

�� � � � ��� �� �� ��F 3 U Y = + − == + −

When �� �L M= =  ,

�� � � � ��� �� �� ��F 3 U Y = + − == + −

When �� �L M= = ,

�� � � � ��� �� �� ���F 3 U Y = + − == + −

When �� �L M= = ,

�� � � � ��� �� �� ��F 3 U Y = + − == + −

When �� �L M= = ,

�� � � � ��� �� �� ��F 3 U Y = + − == + −

When �� �L M= = ,
�� � � � ��� �� �� ���F 3 U Y = + − == + −

We place the resulting  �L MF − values into the acyclic network (Figure 2).

Now we express the  �L MF − costs in tabular form (Table 1). This table, in turn, helps us determine the values of QI
. If we place the results obtained above into the table, we get:

Figure 2. Acyclic network.

Now, based on the table above and using the � �����
PLQ > @�Q Q M MM Q 1

I F I− +=
= +    � �1I + = formula, we determine the 

optimal minimal cost: � �� �1I I+ = =

� �� ��� �
PLQ> @ PLQ>�� �@ ��
M M

I F I
= =

= + = + =
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1 2 3 4 5 6 7  88 
8

 9 
9

0 45 55 85 110 160 210 245 335 395
1  50 60 90 115 165 215 250 340
2 55 65 95 120 170 220 255
3 60 70 100 125 175 225
4 65 75 105 130 180
5 70 80 110 135
6 80 90 120
7 85 95
8 95

Table 1. Cost table for the period from year i to year j.

Minimal path: � �⇒

� �� � �� ����� ��� ���
PLQ> � �@ PLQ>�� ����� �@ PLQ>������@ ��
M M M

I F I F I
= = =

= + + = + + = =

Minimal path:� �⇒

� �� � �� � �� ������ ����� �����
PLQ > � � @ PLQ >�� ����� ������ �@ PLQ >�����������@ ���
M M M

I F I F I F I
= = =

= + + + = + + + = =

Minimal path:� �⇒

� �� � �� � �� � ��������� �������
PLQ > � � � @ PLQ >�� ������ ������ ������ �@ ���

M M
I F I F I F I F I

= =
= + + + + = + + + + =

Minimal path:� �⇒

� �� � �� � �� � �� � ����������� ���������
PLQ > � � � � @ PLQ >�� ������ ������� ������ ������ �@ ���

M M
I F I F I F I F I F I

= =
= + + + + + = + + + + + =

Minimal path:� �⇒

� �� � �� � �� � �� � �� � �� ������������� �����������
PLQ > � � � � � @ PLQ >�� ������ ����

M M
I F I F I F I F I F I F I

= =
= + + + + + + = + +

��� ������� ������ ������ �@ ���+ + + + =

Minimal path:� �⇒

� �� � �� � �� � �� � �� � �� � �� �������������� �������������
PLQ > � � � � � � @ PLQ >�� ������ ����

M M
I F I F I F I F I F I F I F I

= =
= + + + + + + + = + +

�� ������� ������� ������ ������ �@ ���+ + + + + =
Minimal path:� �⇒

� �� � �� � �� � �� � �� � �� � �� � �� ����������������
PLQ > � � � � � � � @

M
I F I F I F I F I F I F I F I F I

=
= + + + + + + + + =

���������������
PLQ >�� ������ ������ ������� ������� ������� ������ ������ �@ ���

M=
= + + + + + + + + =

Minimal path:� �⇒

� �� � �� � �� � �� � �� � �� � �� � �� � �� �������������������
PLQ > � � � � � � � � @

M
I F I F I F I F I F I F I F I F I F I

=
= + + + + + + + + + =

�����������������
PLQ >�� ������ ������ ������� ������� ������� ������� ������ ������ �@ ���

M=
= + + + + + + + + + =

Minimal path:� �⇒
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From the results above, it is evident that the optimal 
minimum-cost path is � � � �⇒ ⇒ ⇒ . If we verify 
the optimal minimum-cost path using the cost table, 
option � � � � �� �� ��� ���⇒ ⇒ ⇒ = + + =  
records the result, and since in this example our 
minimal value matches the value obtained above, this 
confirms that the example was solved correctly. Now 

let us verify our example using Microsoft Excel (Figure 3)   
As a result of the calculations, the optimal strategy for 
equipment replacement and maintenance was identified. 
Using the dynamic programming method, the minimum 
total cost and the corresponding replacement years were 
determined. The results were verified using Excel, and 
they matched, indicating the correctness of the model 
and its practical applicability.

Figure 3. Solution in Excel.

CONCLUSION.� In conclusion, the results of 
the study show that the mathematical model 
developed for minimizing replacement and 
maintenance costs provides effective outcomes for 
the�9-year�planning�period.�Based�on� the�model,�
it was determined when it is optimal to replace 
the equipment and when it is more reasonable 
to continue maintenance. The calculations 
demonstrated that in some years the purchase 
of new equipment and in other years the repair 
of existing equipment can significantly reduce 
total costs. The analysis performed in Excel made 
it possible to identify the optimal replacement 
strategy, and the results confirmed the practical 

relevance of the model.
Furthermore, a brief sensitivity analysis of 

the parameters showed that if maintenance 
costs increase rapidly, earlier replacement 
becomes necessary, whereas higher residual 
values make it economically preferable to use 
the equipment for a longer period. This serves 
as an important practical indicator in real 
decision-making processes within production 
enterprises. Overall, the developed mathematical 
optimization model is an effective scientific and 
practical tool for managing long-term assets, 
improving production efficiency, and reducing 
costs in enterprises.
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